COMPACT STABLE HYPERSURFACES WITH FREE BOUNDARY IN 
CONVEX SOLID CONES WITH HOMOGENEOUS DENSITIES 

ANTONIO CANETE AND CESAR ROSALES 



Abstract. We consider a smooth Euclidean solid cone endowed with a smooth ho- 
mogeneous density function used to weight Euclidean volume and hypersurface area. 
By assuming convexity of the cone and a curvature-dimension condition, we prove 
that the unique compact, orientable, second order minima of the weighted area under 
variations preserving the weighted volume and with free boundary in the boundary 
\—{ ■ of the cone are intersections with the cone of round spheres centered at the vertex. 
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1. Introduction 



A stable hypersurface in a Riemannian manifold with boundary is a second order min- 
imum of the area relative to the interior of the manifold for compactly supported de- 
rS^ ', formations preserving the separated volume. From the first variation formulae such a 

j^ ' hypersurface has constant mean curvature and free boundary meeting orthogonally the 

boundary of the manifold. The second variation formula implies that the index form as- 
sociated to the hypersurface is nonnegative for smooth mean zero functions with compact 
support. The stability condition has been intensively studied in the literature and plays 
^tjj ' a central role in relation to the isoperimetric problem, where we seek sets of the least 

QQ I possible perimeter among those with fixed volume. 

£_2 ■ Barbosa and do Carmo in [2 , and Barbosa, do Carmo and Eschenburg in [3] used suit- 

^ , ' able deformations to show that a smooth, compact, orientable and stable hypersurface 



S immersed in a Riemannian space form is a geodesic sphere. In [48) . Wente observed 
that the variation employed in 2 is geometrically obtained by parallel hypersurfaces di- 
lated to keep the enclosed volume constant. The resulting variation strictly decreases the 
boundary area unless the hypersurface coincides with a round sphere. This technique was 
successfully used later by Morgan and Ritore |3H] to prove that geodesic spheres about 
the vertex and boundaries of flat round balls are the unique compact stable hypersurfaces 
inside smooth spherical cones of non-negative Ricci curvature and empty boundary. In 
JH ' smooth, convex, Euclidean solid cones with non-empty boundary, Ritore and the second 

author showed in 1421 that the unique compact stable hypersurfaces are either spherical 
caps centered at the vertex or half-spheres lying in a fiat portion of the boundary of the 
cone. Also by following the ideas in [2! and [IS], the Wulff shapes were characterized 
as the unique compact stable hypersurfaces with constant anisotropic mean curvature in 
M""*"^, see the papers by Palmer [39] and Winklmann [49] . 
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2 A. CANETE AND C. ROSALES 

The study of variational problems related to the mininiization of the area functional in 
metric measure spaces has been focus of attention in the last years, with an increasing de- 
velopment of the theory of minimal and constant mean curvature surfaces in this setting. 
In this paper we obtain new classification results for compact stable hypersurfaces in the 
framework of manifolds with density. These structures have been considered by many 
authors and are currently a topic of much interest. They have applications in several ar- 
eas ranging from functional analysis and probability theory to Riemannian geometry. In 
fact, many important notions in Riemannian geometry have generalizations to manifolds 
with density, allowing the extension of some classical questions and results. For a nice 
introduction to manifolds with density we refer the reader to Chapter 8 of Morgan's book 
[55] and to Chapter 3 of Bayle's thesis [S]. 

Let us introduce the definition of a manifold with density and the corresponding notions 
of volume, area and Ricci curvature. By a manifold with density we mean a connected 
manifold M"+^ with a Riemannian metric (• , •) and a smooth (C°°) positive function 
f = e^ used to weight the Hausdorff measures associated to the Riemannian distance. In 
particular, the weighted volume of a Borel set il C M and the weighted area of a piecewise 
smooth hypersurface E C M relative to an open subset U C M are given by 

(1.1) Vf{n):= f dvf^ f fdv, Af{j:,U):^ f daj ^ f f da, 

where dv and da are the Riemannian elements of volume and area, respectively. We also 
denote dlf := f dl, where dl is the {n — l)-dimensional Hausdorff measure in M. Mani- 
folds with density are also known as smooth metric measure spaces. In fact, if we consider 
the Riemannian distance in M and the weighted volume defined above, then we obtain 
a metric measure space whose associated Minkowski content coincides with the weighted 
area of the boundary for Borel sets with Lipschitz boundary. For a manifold M with 
density / — e'^ the Bakry-Emery-Ricci tensor, or simply f -Ricci tensor, is defined by 

(1.2) Ric/ := Ric - V^V', 

where Ric and V^ denote the Ricci tensor and the Hessian operator for the Riemannian 
metric in M, respectively. We also consider the k- dimensional Bakry-Emery-Ricci tensor 
given by 

(1.3) Ric) -.^Ricf - -{dip® dip), for any fc ^ 0. 

The tensor Ric/ was first introduced by Lichnerowicz [26j . |27) . and later generalized in 
a form equivalent to Rici by Bakry and Emery [Ij in the framework of diffusion gener- 
ators. Note that Ricr carries information involving curvature and dimension from both, 
the Riemannian manifold M and the density f — e"^' . By this reason, a lower bound on 
Ricr is usually known as a curvature- dimension condition. Such a condition allows the 
extension to manifolds with density of many classical comparison results in Riemannian 
geometry, see [10], [30], [S3], [31], [IS], [IZ], [S] and references therein. Moreover, these 
Ricci tensors appear explicitly in the second derivative of the weighted area, see (|4.4p and 
(j4.5p . and are useful to obtain extensions of the Levy-Gromov isoperimetric inequality, 
see [S] Ch. 3] and [32]. We also remark that the equation Ric/ = A (• , •) for some constant 
A is the gradient Ricci soliton equation, which plays an important role in the theory of 
the Ricci flow. 

Once we have notions of volume and area, we can study minimization problems such 
as the isoperimetric problem or the Plateau problem, where we try to find hypersurfaces 
of the least possible area with a boundary or volume constraint. The complete solution to 
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these questions inside an arbitrary manifold with density is a very difficult task. There- 
fore, it is natural to focus first on the most simple and symmetric Riemannian spaces 
-the space forms- endowed with some suitable densities. Here by a suitable density we 
mean one with a simple behaviour of the Ricci tensors (constant, bounded) or having 
good properties with respect to a certain subgroup of diffeomorphisms / isometrics of the 
ambient manifold. Probably the best studied example is the Euclidean space ]R"+^ en- 
dowed with a radial density. This includes the Gaussian density exp(— [pp), the model 
density exp(|p|^), and the homogeneous densities jpl'^ with A; G K. Though there are 
several works studying constant mean curvature, stable, and isoperimetric hypersurfaces 
for these densities, we do not aim here to give an exhaustive list of references. However, 
we would like to point out that the log-convex density conjecture, posed by Bayle, Morgan 
and the authors in [43], is a remarkable open question in this setting. It was shown in 
[15] that a radial density is log-convex if and only if round spheres centered at the origin 
are stable hypersurfaces. Hence, it is natural to ask if these spheres are also global min- 
imizers of the area under a volume constraint. The existence of isoperimetric solutions 
for radial log-convex densities is a consequence of more general results for radial densities 
proved by Morgan and Pratelli [Sj- Figalli and Maggi have recently shown in [20] that 
the log-convex density conjecture holds for some interval of volumes [0, mo). In [23], Howe 
states that round spheres about the origin are isoperimetric in M"+^ — {0} with any radial 
density such that the weighted area of such spheres is a convex function of the weighted 
bounded volume and satisfying some additional minor hypotheses. A complete account 
of all the related results until 2011 has been given by Morgan in [5S] . 

In this paper we focus on densities defined on solid cones of M"+^ and having a nice be- 
haviour with respect to the family of dilations centered at the origin. The motivation for 
this comes from the existence of many important results in the theory of constant mean 
curvature and stable hypersurfaces in M"+^ whose proofs rely on the scaling property 
that some geometric quantities (volume, area and mean curvature) show under dilations. 
Given a smooth solid cone M C R"+i and a smooth density f = e^ defined on the 
punctured cone M*, we consider the weighted volume Vf and the weighted area Af in 
p.ip relative to ttie interior of the cone. This means that the intersection S n dAI of 
a hypersurface with the boundary of the cone does not contribute to Af^E,). Then, we 
prove in Lemma lOI that Vf and Af are homogeneous with respect to the one-parameter 
group of dilations ht{p) := tp ii and only if / is a homogeneous function. This leads us to 
consider k-homogeneous densities: these are positive functions whose restriction to any 
open segment of the cone leaving from the origin is a monomial of degree k. A basic 
example is the Euclidean space ]R"+^ with constant density / = 1. As it is observed in 
Remark 13.21 a homogeneous density of degree fc ^ cannot be extended to the origin as 
a continuous and positive function. Hence the origin may be understood as a singularity 
for such densities and must be treated carefully. In fact, for densities of degree k ^ —n 
we see in Examples 13 .41 that any smooth, compact, embedded hypersurface containing the 
origin has infinite weighted area. So, in order to study minimizers of the area functional 
it is natural, in the case fc < 0, to restrict ourselves to hypersurfaces contained in the 
punctured cone. 

In Section [3] we provide several examples and properties of homogeneous densities, 
including two characterizations of the curvature-dimension condition Ric* ^ 0. An im- 
portant result is given in Proposition 13. 1 Ii where we show that the position vector field 
X{p) :— p has constant f -divergence, and that the f-mean curvature of hypersurfaces 
scales with respect to dilations as the Euclidean mean curvature. The f -divergence of 
a smooth vector field is defined in (12.11) and (12. 3p . It provides a generalization of the 
Riemannian divergence functional which allows extending to manifolds with density some 
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classical divergence theorems and integration by parts formulae in Riemannian geometry, 
see Section[2l The f-mean curvature of a hypersurface is the function defined in (j2.5|) and 
previously introduced by Gromov |21) in relation to the first derivative of the weighted 
area functional, see (|4.3p . 

The results of this paper are closely related to the isoperimetric problem in Euclidean 
solid cones with homogeneous densities. In the classical case of K""'"^ with constant den- 
sity / = 1, it was proved by Lions and Pacella [55] that, inside a convex cone, round balls 
centered at the vertex minimize the relative perimeter among regions enclosing the same 
volume. In the same paper they obtain uniqueness of the isoperimetric regions for smooth 
convex cones. The uniqueness in the smooth case is also consequence of the classification 
of stable hypersurfaces given by Ritore and the second author in [42]. Recently Figalli 
and Indrei !19| have discussed uniqueness in arbitrary convex cones. 

The isoperimetric question has also been studied in M"+^ with the homogeneous radial 
density \p\''. For k < —{n + 1), it was first shown by Carroll, Jacob, Quinn and Walters 
|11) for the planar case and later by Diaz, Harman, Howe and Thompson |15j for arbi- 
trary dimension, that round spheres centered at the origin are the unique isoperimetric 
hypersurfaces (bounding volume away from the origin). For n — 1 and fc > it was 
proved by Dahlberg, Dubbs, Newkirk and Tran [Tl] that round circles passing through 
the origin are the unique solutions. The description of the isoperimetric curves in planar 
cones with density \p\^ ^ k > 0, has been given in |15j . 

In [B], Cabre and Ros-Oton establish that, in ]R"+^ with a monomial homogenous den- 
sity |xi 1"^ • • • |a;„+i |""+i , where ai ^ for any i = l,...,n-)-l, the intersections with the 
cone {{xi, . . . , Xn+i) G M""*"^ ;Xi ^ for all i such that ai > 0} of round spheres centered 
at the origin are isoperimetric solutions. Very recently Cabre, Ros-Oton and Serra in [7l 
and [5] have applied the ABP method to a linear Neumann problem with density to ob- 
tain the following nice result: the spherical caps centered at the vertex are isoperimetric 
solutions for an arbitrary convex cone endowed with a continuous, homogeneous, non- 
negative density function / of degree fc > 0, such that / is positive and locally Lipschitz 
in the interior of the cone, and /^/'"' is concave in the interior of the cone. This was 
proved in [7 under the further assumptions that / is C^'" with < a < 1 in the interior 
of the cone and / vanishes along the boundary. The general case has been treated in [5] , 
together with an extension for anisotropic area functionals associated to homogeneous 
densities. In particular, this generalizes the classical result of Lions and Pacella [28 , the 
Wulff isoperimetric inequality proved by Taylor [JS], and a previous result of Maderna 
and Salsa [31] for the half-plane y > with density y'^, fc > 0. Also, in the introduction 
of [5] it is announced that the uniqueness of the isoperimetric solutions will be discussed 
in a future work with Cinti and Pratelli. In [10] the authors obtain existence results and 
properties of the isoperimetric profile under mild regularity conditions on the homoge- 
neous density, and uniqueness of the isoperimetric solutions for smooth convex cones with 
RiCyJ ^ and fc > 0. It is worth mentioning that, as a consequence of Lemma [3. 9[ the 
curvature-dimension inequality Rici ^ for fc > is equivalent to the concavity of f^'^, 
which is the key hypothesis assumed in the main results of [7] and [8j. 

Our main goal in this paper is to prove classification results for compact stable hy- 
persurfaces inside Euclidean solid cones with homogeneous densities. An f -stable hyper- 
surface in a Riemannian manifold M with a smooth density f = e'^ satisfies that the 
second derivative of the weighted area functional is nonnegative under compactly sup- 
ported variations preserving the enclosed volume. Hence an isoperimetric hypersurface 
is also an /-stable one. Recently, many authors have studied complete /-stable mini- 
mal surfaces inside 3-manifolds with non-negative /-Ricci tensor or /-scalar curvature. 
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see [H], [22], [13], [n], EH], [25] and [ig. The /-stability of hyperplanes for Euclidean 
product densities has been considered in [4], see also [16]. The variational properties of 
critical points of the weighted area for piecewise regular densities have been established 
in [i Sect. 2.2]. 

In Section |4] we gather some variational properties and examples of /-stable hyper- 
surfaces with free boundary in a Euclidean solid cone M C R"+^ endowed with a k- 
homogenous density f = e^. The variation formulae for hypersurfaces with non-empty 
boundary obtained in [T^] imply that /-stable hypersurfaces have constant /-mean cur- 
vature off of the vertex and meet dM orthogonally along the free boundary. Moreover, 
the associated f -index form Qf defined in (j4.7p satisfies Qf{u,u) ^ for any smooth 
function u supported away from the origin and having mean zero with respect to the 
weighted element of area. In Example l4.4l we show that the spherical caps centered at the 
vertex always provide critical points of the area under a volume constraint for arbitrary 
homogeneous densities. Hence they are natural candidates to be /-stable. In fact, we see 
in Example 14.71 that, for k ^ —n, the spherical caps centered at the vertex are always /- 
stable. This also happens when A: > and Ric^ ^ as a consequence of the isoperimetric 
results in [8] and [10]. Then, it is natural to ask under which conditions the spherical 
caps centered at the vertex are the unique /-stable hypersurfaces in a Euclidean solid 
cone with a homogeneous density. To find such a condition it is interesting to observe 
that the /-index form depends on the /-Ricci tensor Ric/ and the second fundamental 
form II of dM in such a way that the stability inequality Qf{u,u) ^ is more restric- 
tive provided Ric/ ^ and II ^ 0. Hence convexity of the cone M and nonnegativity of 
Ric/ become natural hypotheses in order to obtain sharp classification results for /-stable 
hypersurfaces. In fact, the main result of the paper establishes the following: 

Let Y. be a smooth, compact, orientable hypersurface in a convex solid 
cone M C R"+^ endowed with a k-homogeneous density of nonnega- 
tive Bakry- Emery- Ricci tensor Ric^ . Suppose that, either k < —n and 
E C M*, or k > andY, C M. IfY, is f -stable, then E is the intersection 
with the cone of a round sphere centered at the vertex. 

The proof of the previous theorem is contained in Section [S] and it is divided into two 
steps. We first obtain in Theorem 15.61 that the statement holds for an /-stable hyper- 
surface S contained in the punctured cone AI*. For this, we insert inside the stability 
inequality Qf(u, u) ^ the test function given by 

u = n + k + Hf{X,N), 

where Hf is the /-mean curvature of the hypersurface, X{p) = p is the position vector 
field, and TV is a unit normal along E. In ]R"+^ with constant density f — 1 the function u 
coincides, up to a constant, with the function used by Barbosa and do Carmo in [5]. As an 
application of the divergence theorem in Lemma l2.2l we deduce that u has mean zero with 
respect to the weighted element of area. In fact, this integral equality leads us in Propo- 
sition [ST] to generalize to solid cones with homogeneous densities a classical Minkowski 
identity for compact hypersurfaces in R""*"^ relating volume, area and mean curvature 
[21] . From a geometric point of view, we show in Lemma 15.41 that the test function u is 
associated to the deformation of E obtained when one leaves by equidistant hypersurfaces 
and then applies a dilation centered at the vertex to restore the separated volume. This 
variation decreases the weighted area unless E satisfies equality in (j5.8p . which indicates 
in some weighted sense that E is totally umbilical, compare with [2 Lem. 3.2]. By us- 
ing Lemma 15.81 we conclude that E is the intersection with the cone of a round sphere 
centered at the vertex. Second, we prove in Theorem 15.111 that the statement holds for 
homogeneous densities of degree fc > and /-stable hypersurfaces that may contain the 
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vertex of the cone. In fact, an approximation argument similar to the one in [381 Sect. 3] 
or [42l Sect. 4] shows that the proof of Theorem 15.61 can be carried out even in the case 
G S. It is worth pointing out that the hypothesis fc > is essential to perform this 
approximation scheme since it ensures that the density is bounded near the singularity. 
We finish Section [5] with a list of interesting examples and remarks showing the sharpness 
of our result. 

Finally, in Section [S] we characterize strongly f -stable hypersurfaces in solid cones with 
fc-homogeneous densities. Such hypersurfaces are critical points of the area under a vol- 
ume constraint, and with non-negative second derivative of the area for any compactly 
supported variation. In Example 14.71 we see that the intersection with the cone of any 
round sphere centered at the vertex is strongly /-stable if and only if fc ^ —n. In fact, 
as a consequence of Theorem 15.61 we deduce that these are the unique compact strongly 
/-stable hypersurfaces in the punctured cone when fc < —n, the cone is convex and 
RiCf ^ 0. Observe that the case fc = — n is not covered in Theorem 15. 61 This case is par- 
ticularly interesting since, as an application of the Minkowski formula (j5.2p , any critical 
point of the weighted area under a volume constraint has vanishing /-mean curvature. In 
Theorem 16.41 we show that, assuming convexity of the cone and the curvature-dimension 
condition Ric7" ^ 0, round spheres centered at the vertex and intersected with the cone 
are the unique compact strongly /-stable hypersurfaces contained in the punctured cone. 

The paper is organized as follows. In Section [2] we obtain extensions to manifolds with 
density of some classical divergence theorems and integration by parts formulae in Rie- 
mannian geometry. They provide basic tools that will be used extensively throughout the 
paper. In Section [3] we introduce the family of homogeneous densities in Euclidean solid 
cones and study their main properties. In Section 0] we gather some variational features, 
with emphasis in the characterization of /-stationary and /-stable hypersurfaces. Fi- 
nally Sections [5] and |6] contain our classification results for compact /-stable and strongly 
/-stable hypersurfaces, respectively. 

2. Divergence theorems in manifolds with density 

In this section we introduce suitable notions of divergence for vector fields in manifolds 
with density. Then we generalize some classical divergence theorems and integration by 
parts formulae in Riemannian geometry. 

Let M be an (n + l)-dimensional smooth and oriented Riemannian manifold with 
boundary DM. The Riemannian divergence operator div acting on vector fields is the 
adjoint, with respect to the Riemannian volume dv, to the gradient operator —V acting 
on functions. In fact, for any smooth vector field X in M and any function ip g C^{M) 
vanishing along dAI, the divergence theorem implies that 



if div X dv ^ — / {\7ip,X)dv^ 

M Jm 

since div{ipX) — ip div X + {\7(p,X). It follows that the Laplacian Aip := div{V(p) defines 
a self-adjoint operator, in the sense that 

/ ipiAip2dv^ / (p2A(pidv = - / {\7(pi,\7(p2)dv, 
Jm Jm Jm 

for any two functions <pi, <P2 G C^{M) vanishing along dM . 

In order to obtain similar formulae in M endowed with a density f = e^ we define the 
f- divergence of a smooth vector field X by means of equality 

(2.1) div/ X := (1//) div{fX) = div X + (V^A, X) . 
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It is then easy to check that the operator divf is the adjoint to —V with respect to the 
weighted volume dvf, that is 

/ ip div fXdvf = — / {V(p,X)dvf, 
Jm Jm 

for any ip £ Cf^{M) vanishing afong dM. Therefore the f-Laplacian operator given by 

Afip := div/(V.^) = A.^ + (V?/^, Vip) 

is self-adjoint with respect to dvf. 

As an immediate consequence of the Riemannian divergence theorem and the fact that 
divj X dvf — div{fX) dv we can deduce the following result. 

Lemma 2.1 (Divergence theorem in manifolds with density). Let M be an oriented Rie- 
mannian manifold endowed with a density f. For any smooth vector field X with compact 
support on M , and any open set VL Q M with piecewise smooth boundary, we have 

f divf Xdvf = - f {X, N) dof , 
Jn Jdfi 

where N is the inner unit normal along dfl. 

Suppose now that E is an orientable smooth hypersurface in M and let A^ be a unit 
normal vector along E. For any smooth vector field X with compact support on S we 
denote X-*- = {X,N)N and X^ = X — X-^. As an application of the Riemannian 
divergence theorem we get the well-known formula 



(2.2) / divsAda^- / nH{X,N)da~ / {X,v)dl, 

where divs is the Riemannian divergence relative to E, iJ = (— 1/n) divs A^ is the Rie- 
mannian mean curvature, and v is the inner unit normal along 9E in E. In particular, if 
X is tangent to E and ip G C^(E), then 

p divs X da ~ — / (Vs<y5, X) da — ip (A, v) dl, 

where Vs stands for the gradient operator relative to E. This implies the classical inte- 
gration by parts formula 

/ (piAE<P2rfa = - / (Vstpi, VE(/32)rfa- / ipi^r^dl, 
Jt. Jt. JdT. ov 

for p>i,tf2 G C'o°(^)j where l^^ip := divs(Vs(/3) is the Laplacian operator relative to E 
and dLp2/dv denotes the directional derivative of p)2 with respect to v. 

Given a density f — e"^ in M, we define the f- divergence relative to E of A as the 
function 

(2.3) divsjA :=divsA + (Vi/',A). 
For any (^ G C°°(E) it is easy to check that 

(2.4) divs,/((^A) = ip divs,/ A + (Vs(/3, A) . 
The f-mean curvature of E with respect to A^ is the function 

(2.5) Hf := - divs,/ N ^nH - (V^, A^) . 

The previous definition of Hf coincides with the ones introduced in [^, [5J Chap. 3], [531 



Sect. 3], and it is related to the first derivative of the weighted area functional, see (j4.3 
We can now prove the following generalization of formula 



A. CANETE AND C. ROSALES 



Lemma 2.2 (Divergence theorem for hypersurfaces in manifolds with density). Let E 
he a smooth hypersurface with unit normal vector N in an oriented Riemannian mani- 
fold endowed with a density function f — e^ . Then, for any smooth vector field X with 
compact support on T,, we have 

f divs.f Xdof^- f Hf {X, N) dof - f {X, v) dlf, 

JS Js JdT, 

where Hf is the f -mean curvature defined in (12.51) and v is the inner unit normal along 
dH in E. 

Proof. By using equahty divs{fX) — f divj] X + (Vs/, X) and equation (I2.2p . we get 

/ divs./ Xdof ^ I f{ divs X + {\/ip, X) ) da 

= f diYj:ifX)da+ I {Vf~V^f,X)da 

= - nHf {X, N)da- / / {X, v) dl + / / (VV', N) {X, N) da. 



Hf{X,N)daf - / {X,v)dlf, 
and the proof fohows. D 

Finahy, we define the f-Laplacian relative to E of a function if £ C°°(E) as the second 
order hnear operator 

(2.6) As,/ (p ■■= divs,/(Vs((5) = AstyS + (Vs^, Vs"^) . 

As an immediate consequence of Lemma [2.21 and equation (12. 4p we get this resuh. 

Corollary 2.3 (Integration by parts for hypersurfaces in manifolds with density). Let E 
be a smooth orientable hypersurface in an oriented Riemannian manifold with a density 
function f = e^ . Then, for any two functions (^1,(^2 G C'^(S), we have 

/ <^i As./ (y52 rffl/ = - / (Vs-^i, Vs(<52)rfa/ - / (fi-^—dlf, 
where v is the inner unit normal along 9E in E. 

3. Homogeneous densities in Euclidean solid cones 

In this section we introduce and study some densities defined on solid cones of W^^^ 
whose associated weighted volume and area have a nice behaviour with respect to the 
family of dilations centered at the origin. 

By a (smooth) solid cone in R"+^ we mean a cone 

M ^ OxP -.^ {tp; t^O, pe V}, 

where 2? is a smooth region (the union of a connected open set together with its C°° 
boundary) of the unit sphere §". Clearly M is closed, connected, and invariant under the 
family of dilations ht{p) := tp defined for i > and p £ R"+^. We denote by dM and 
int(M) the topological boundary and interior of M, respectively. We will use the notation 
M* for the punctured cone M — {0}. Note that M coincides with a closed half-space of 
K"+i when 2? is a hemisphere. In the case 2? = §" we get M — R"+^. 

Let M be a solid cone and f = e^ a, (smooth) density on M* . Recall that V/(J7) is the 
weighted volume of a set Q, C M as defined in (II. ip . For a smooth hypersurface E in M 
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we denote by Af{I]) the weighted area A/(S,int(Af)) given in (11.11) . According to this 
definition E n dM does not contribute to A/(E). We are interested in densities for which 
the functionals Vf and Af are homogeneous with respect to dilations centered at 0. 

Lemma 3.1. Let M C M"+-'^ be a solid cone and f — e^ a density function on M* . For 
any t > 0, let ht{p) '■— tp with p 6 M"+^. The following statements are equivalent: 

(i) there isk eR such that Vf{ht{n)) = i»+fc+i Vf{n) for any t > and any QC M, 
(ii) / is k -homogeneous, i.e., f{ht{p)) — t f{p) for any t > and any p G M* . 

Moreover, in such a case, we also have Af{ht{J^)) = i"+'''Aj(I]) for any smooth hyper- 
surface Y, in M . 

Proof. For any i > the Jacobian determinant of the dilation ht : M"+^ -^ K"+^ equals 
t"+^. Given a set 17 C M we get, by the change of variables formula, that 

(3.1) Vf{ht{n))= f t"+^f{ht{p))dv. 

Jn 
If statement (i) holds, then we have 

t''+'f{htip))dv= f r+''+'fip)dv, 
In Jn 

for any set J7 C M and any t > 0. This equality implies (ii) since / is continuous on M* . 

On the other hand, statement (i) follows from (ii) by using p. II) . Finally, the behaviour of 

Af with respect to ht comes again from the change of variables formula since the Jacobian 

determinant of the diffcomorphism ht : T, —> htCS) equals t". D 

The previous result leads us to the next definition. Let M be a solid cone of IR"+^ 
and fc G K. By a (smooth) homogenous density of degree k on M we mean a C°° positive 
function f — e^ on M* whose restriction to any open segment leaving from is a mono- 
mial of degree k, i.e., f{tp) — t''f{p) for any i > and any p G M* . Sometimes we will 
simply say that / is a k-homogeneous density. Such a density is uniquely determined by 
its values on I? = M n S". In fact, we have 

(3.2) f{p) = f (■^^ \p\'' - (77 o n)ip) b^ p e M\ 

where 77 is the restriction of / to 2? and tt : M* ^> 2? is the retraction 7r(p) := p/\p\. 

Remark 3.2. The continuity of / gives the existence of constants A^B > Q such that 
A ^ {rj o it)[p) ^ B for any p G M* . Therefore, for fc 7^ 0, the density / has well-defined 
limits when |p| ^^ and \p\ — > -f 00. More precisely 

(3.3) lim/(p) = ^ ^f'>« and lim /(p) = |+°°' ^' ' > ° . 
^ ' \p\^o^^' l+cx), iffc<0 IpK+co''^^^ |o, iffc<0 

Hence the origin may be understood as a singularity, in the sense that / cannot be con- 
tinuously extended to M as a finite positive density. In the case fc = the limits in p.3p 
do not exist unless / is a constant function. 

Examples 3.3. 1. A homogeneous density of degree fc = is determined by a smooth 
function which is constant and positive along any open segment of the cone starting from 
0. As for the constant density / = 1, weighted volume and area are homogeneous of 
degree n -\- 1 and n, respectively, with respect to dilations centered at 0. 

2. Let / be a linear function or a quadratic form on M"+^. Then, the restriction of / to 
any solid cone where / > provides a homogeneous density of degree 1 or 2, respectively. 
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3. The radial densities f{p) — \p\'' are homogenous of degree k. In fact, it foUows 
easily from p.2p that a fc-homogeneous density / is radial if and only if /(p) = c \p\'^ for 
some constant c > 0. 

4. Formula (|3.2p shows that the family of homogeneous densities is extremely large. 
In fact, if r/ : 2? ^> K is any smooth positive function on a smooth region PCS", then 
f{p) :— i]{p/\p\) \p\'' defines a fc-homogeneous density on the cone M = 0x2?. 

As a consequence of the singularity at the origin, the weighted volume and area of a 
compact hypersurface containing may be infinite for a homogeneous density of degree 
fc < 0. This is illustrated in the next examples. 

Examples 3.4. 1. Let I] be a round sphere in R"+^ endowed with a homogeneous density 
of degree k ^ — (n + 1). By using polar coordinates it is easy to check that any conical 
sector {tp; ^ t ^ a, p ^ R} over a region _R C S" has infinite weighted volume. If 
G E then any connected component of R"+^ -- E contains at least one of these sectors, 
so that both components have infinite volume. 

2. Any compact embedded hypersurface E containing in R"+^ with a homogeneous 
density of degree k ^ —n satisfies yly(E) == +oo. To see this we consider the function 
m{r) := A{J^nBr)/A{dBr), where A{-) stands for the Euclidean area and Br denotes the 
open ball of radius r centered at 0. It is well known that limr^o+ m(r) = 1. By taking 
into account p. 21) , we can find constants c, c' > such that 

Af{j:nBr) 7? cr''A{j:nBr) ^c'r"+''m{r). 

We deduce that, if n + fc ^ 0, then Af{I] D Br) does not approach when r — ;■ 0. As a 
consequence Af(Yj) — +00. 

In the following result we gather some analytical properties of homogeneous densities 
that will be used throughout the paper. 

Lemma 3.5. For a k-homogeneous density f = e^ on a solid cone M C M"+^ the follo- 
wing equalities hold: 

(i) (VV')(ip) = t-^ (VV')(p), for anyt>0 and any p e M* , 
(ii) ((VV')(p),p) = k, for any p G M* , 
(iii) {V^^)p{p,p) = -fc, for any p & M* . 



Proof. The fc-homogeneity of / implies that V'(^p) = k\og{t) + ■ilj{p), for any t > and 
any p G M*. Equalities (i) and (ii) can be obtained by differentiating in the previous 
formula. Equality (iii) is easily deduced from (i) and (ii). D 



The equalities in the previous lemma also follow from the calculus of the gradient and 
the Hessian of ip. This computation is contained in the next lemma, which allows us to 
characterize the nonnegativity of the fc-dimensional Bakry- Emery- Ricci tensor defined in 

dESD. 
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Lemma 3.6. Let M = OxZ? be a solid cone over a smooth region PCS". Given a 
k-homogeneous density f = e^ on M and a point p G M* , the following equalities hold: 

{Vyj){p) = — tt{p) + ^ (Vs.A^)(^(p)), 

{V^i;)p{p,p) = -fc, 

(VV)p(p,«) = T^ {{\7s^ti){n{p)),v) , for any v £ r^(p)§", 

k 1 

(V^-0)p(u,«) = r-p ("'")+ |-|I (Vs"M)7r(p)(w,w), for any m, u e r^(p)§", 

where fi — iI>\t>, the map ir : M* —^ T> is the retraction Tr{p) :— p/\p\, and Vgn/i, V|„/i 
denote the gradient and the Hessian relative to §" of fi. 

Proof. Equation p.2p implies that ^p — log(/) = V'l + V'2, where V'i(p) •= (m ° "')(?') and 
V-'2(p) := fclog(|p|) for any p £ Af*. To prove the statement we compute the gradient and 
the Hessian of -0^ for any i = 1, 2. Fix a point p e M* . On the one hand, it is easy to 
check that 

fc fc 2fc 

for any two vectors u, w G M"+^. On the other hand, a straightforward computation gives 

(VVi)(p) = ^(Vs.A^)(^(p)), 



whereas 



-1 



(V^^i)p(p,t;) = - ((V^i)(p),t;) - — ((Vs.//)(^(p)),i;) , for any v G r,(p)S", 

(V^Vi)p(w,«) = r-p (Vi„Ai)^(p)(u,w), for any u,w G r^(p)§". 
Combining the previous equahties the proof fohows. D 

Corollary 3.7. Lei M = 0x2? 6e a solid cone over a smooth region PCS". Consider 
a k-homogeneous density f = e^' on M and denote ji — tl'm- Then, the k-dimensional 
Bakry-Emery-Ricci tensor in (II. 3p satisfies Ric i ^ on M* if and only if 

(vi„M)p(«,«) «; ^ ((Vs./i)(p),«)' - fc, 

for any p E V and any unit vector v G TpS" . 

Proof. The necessary condition is an immediate consequence of the first and the fourth 
equalities in Lemma 13.61 For the sufficient condition we write any vector i; ^ as the 
sum V — u + w, where u is proportional to pl\p\ and w is tangent to S" at p/\p\. The 
statement then follows by combining all the equalities in Lemma 13.61 D 



Remark 3.8. The previous result implies that a fc-homogeneous density defined in the 
whole space R"+^ cannot exist satisfying fc > and RiCyJ ^ 0. Otherwise, we would obtain 
(V|„/i)p < for any p G S", which contradicts that pi reaches its minimum. Obviously 
this argument does not hold for a cone M with dM ^ 0, where homogeneous densities of 
degree fc > and Ric j- ^ can be found, see Examples 13.101 and 15.131 

Another characterization of the inequality Ric * J^ is given in the following lemma. 
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Lemma 3.9. Let M C M"+-' be a convex solid cone endowed with a homogeneous density 
f = e^ of degree fc 7^ 0. If k < {resp. fc > 0) then the inequality RiCf ^ on M* is 
equivalent to that f^'^ is convex [resp. concave) on M* . 

Proof. A straightforward computation leads to the identity 

k ■' 

from which the claim follows. D 



Example 3.10. From the previous lemma we deduce that a homogeneous density / of 



degree A: 7^ on a convex solid cone M satisfies Ric J = on M* if and only if / = (,^ for 



some positive linear function ^ on M . 

We finish this section with a generalization for homogeneous densities in solid cones 
of some important equalities in R"+^ involving the divergence of the conformal vector 
field X{p) := p and the behaviour of volume, area and mean curvature with respect to 
dilations. 

Proposition 3.11. Let f = e"^ he a k-homogeneous density on a solid cone M C M"+i. 
We consider the position vector field X{p) :— p and its associated one-parameter group of 
dilations (f>t{p) '.— e*p. Then we have: 

(i) div/ X = n + k + l in M* , 

(ii) divE J X = n + k along any smooth hypersurface E in M* , 
(iii) Vf{(i>t{n)) = (e*)"+'=+i Vf{n), for any ncM, 
(iv) Af{ipt{'S)) = (e*^)"^^ AfCS), for any smooth hypersurface S in M, 
(v) if Yi is a smooth hypersurface in M* with unit normal vector N , then 

{Hf)ti.Ptip)) = e-' Hf{p), for any p G S, 

where {Hf)t is the f-mean curvature in (|2.5|) of the hypersurface (pti'S) with res- 
pect to the unit normal Nt such that Nt{4it{p)) — N{p). 

Proof. Equalities (i) and (ii) are consequences of (12. ip , (j2.3p and Lemma 13.51 (ii) . State- 
ments (iii) and (iv) follow from Lemma 13.11 So we only have to prove (v). Let Ht 
be the Euclidean mean curvature of (j>t{^) with respect to Nf. It is well known that 
Ht{(f>t{p)) — e~^H{j)) for any p e E. By using Lemma 1X51 fi*). we get 

{Hf)t{c^t{p)) = {nHt - {Vi:,Nt)){Mp)) 

^ne~'H{p)-{{Vi;){e'p),N{p)) 

= e-*{nH -{V^,N)){p) =e"*iJ/(p). 

This completes the proof. D 

4. Variational formulae. Stationary and stable hypersurfaces 

In this section we gather some variational properties of those hypersurfaces in a solid 
cone which are first and second order minima of the weighted area functional under a 
constraint on the separated weighted volume. 

Let M C R"+i be a solid cone endowed with a fc- homogeneous density f — e^ . We 
denote by E a smooth, compact, orientable hypersurface immersed in M . If E has non- 
empty boundary then we assume 9E C dM . This does not exclude that E and dM may 
be tangent at some interior point of E. If 9E = then we adopt the convention that all 
the integrals along 9E vanish. When E is embedded and separates a bounded open set 
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fi with closure contained in the punctured cone A/*, then we can apply the divergence 
theorem in Lemma [2T1 to the position vector field X{p) ;= p. By Proposition 13 . 11 1 (i) and 
the fact that X is tangent to dM, we get 

{n + k + 1) Vf{n) = I dWfXdvf ^- I {X, N) dttf, 

where N is the inner unit normal along S. As in [2, Eq. (2.2)] we can use the previous 
formula to define the oriented weighted volume of an immersed hypersurface E by 

(4.1) V,i^):=^^^JjX,N)da,, 

where A^ is a fixed unit normal vector along S and k ^ — (n + 1). By using the change of 
variables formula and the fact that the tangent hyperplane to S remains invariant under 
dilations, we can prove that 

(4.2) Vf{h{j:)) = t-+''+^Vf{j:), 

where ht{p) = tp for any p G R"+^ and any t > 0. 

Remark 4.1. For fc > 0, a fc-homogeneous density / is bounded near by p.3p . Hence, 
the right side integral in (|4.ip is finite even if £ S and so, the volume Vf{Y,) is well 
defined for any compact and orientable hypersurface S immersed in M. For the same 
reason, the weighted area ^/(S) is finite when A; > even if G S. In Examples 13.41 we 
found that, for k < 0, the weighted area and volume of a compact hypersurface containing 
may be infinite. By this reason we shall always consider S C M* when fc < 0. 

By a variation of E we mean a smooth family of hypersurfaces St with t G (— £,e) 
given by smooth immersions ipt : 'S ^ M such that Eo = S and dTit C dM for any t. The 
associated velocity vector is the vector field along E defined by Xp := {d/dt)\t=o4't{p)- 
Note that X is tangent to dM in the points of 9E - {0}. Let Vf{t) := Vf(T,t) and 
Af{t) :— Af{Yit) be the corresponding volume and area functionals. The variation is said 
to be volume-preserving if Vf{t) = V/(0) for any t G (— e,e). 

In order to compute the first derivative of Vf (t) and Af (t) we must take care of the 
fact that, if the density has degree k j^ 0, then \^\ = \ log(/)| tends to +cxd by (|3.3p when 
we approach 0. However, if the variation Et leaves invariant a small neighborhood of in 
E, then we can compute A'JO) and VUO) as in [321 Lem. 3.1], [T^, to get 



(4.3) A'f{0) = - / Hfudof- I {X,i^)dlf, V}{0)^~ / udaj, 

where Hf is the /-mean curvature defined in (|2.5p . u is the normal component of X, and 
v is the inner unit normal along 9E in E. 

We say that the hypersurface E is f -stationary if A'JO) = for any volume-preserving 
variation. If A'JO) = for any variation then we will say that E is strongly f -stationary. 
By using the formulae in (j4.3p we can prove the following result, see [T2l . 



Lemma 4.2. //E is f -stationary {resp. strongly f -stationary), then we have: 

(i) Hf is constant along E — {0} {resp. Hf — along E — {0}), 
(ii) E meets dM orthogonally in the points of dY, — {0}, 
(iii) {Af — Hf Vf)' {0) = for any variation of E supported away from 0. 

Moreover, ifO ^ E then statements (i) and (ii) imply that E is f -stationary {resp. strongly 
f -stationary). 
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Example 4.3 (Spheres centered at 0). Let E be the intersection with the cone M of a 
round sphere of radius r centered at 0. We consider the unit normal along E given by 
N{p) = —p/r. From (|2.5I) and Lemma [3.51 (11) we get 

, , n + k 

for any p G S. Clearly E meets orthogonally DM in the points of 9E. It follows from 
Lemma l4.2l that E is always /-stationary, and strongly /-stationary if and only if fc = — n. 

Example 4.4 (Spheres containing 0). Consider the radial homogeneous density /(p) = 
\p\^ in K"+^. Let E be a round sphere of radius r and center po such that G E. Take 
the unit normal N{p) = (po — p)/r. Note that {'Vip){p) = kp/\p\'^ for any p ^ 0, and so 

n k(p,N{p)} 
Hfip) -- |p|2 ■ 

Let p G E with p j^ 0. Putting p — pq — rN{p) and taking into account that \po\ = r, we 
get {p,N{p)) = {po,N{p)) - r and \p\'^ = -2r [{po,N{p)) - r). It follows that 

2n + k 

for any p G E — {0}. From (|4.3p we conclude that E is a critical point of Af for any 
volume-preserving variation supported away from 0. 

Suppose now that E is an /-stationary hypersurface of constant /-mean curvature Hf 
away from the origin. For a variation fixing a small neighborhood of in E, we can use 
computations similar to those in |431 Prop. 3.6] and |12] to obtain the second variation 
formula 

(4.4) {A^'-HfVfnO)=If{u,u). 

In the above equation If denotes the f -index form of E, i.e., the quadratic form on 
Co°°(E-{0}) defined by 

(4.5) If{u,v):= f {{Vj:u,Vj:v)- {mcf{N,N) + \a\^)uv}daf - f n{N,N)uvdlf, 

where Ric/ is the /-Ricci tensor in (|1.2p . |crp is the squared sum of the principal curva- 
tures of E, and II is the Euclidean second fundamental form of dM — {0} with respect to 
the inner unit normal. From the integration by parts formula in Corollarv l2.3[ we get 

(4.6) If{u,v)^Qf{u,v), foranyM,wGCo°°(E-{0}), 
where 

(4.7) S/(u,w):=- /u{As,/w+(Ric/(iV,A^) + |(7p)f}da/ 

Jy. 

Here A^j is the /-Laplacian relative to E introduced in (|2.6p . Following the terminology 
in [5] we call the second order linear operator 

(4.8) Cfv ■- As J V + (Ric/(iV, N) + \a\'^) v 

the f-Jacobi operator of E. It was shown in j43i Proof of Prop. 3.6] that this operator 
coincides with the derivative of the /-mean curvature along the variation. More precisely 

'^ (HfUMp)), foranypGE-{0}, 



(4.9) {Cfu)ip) ^^ 



t=o 
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where {Hf)t denotes the /-mean curvature along the hypersurface E4 given by the im- 
mersion (pt : Ti ^ M . By using that Qf is symmetric we obtain the equahty 

(4.10) JJuCfV-vCju)daj = J^^^v--u-^dlf, 

for any two functions u,v € C^lT, — {0}). 

Let S be an /-stationary hypersurface of constant /-mean curvature Hf . We say that 
E is strongly f -stable if we have {Af — Hf V/)"(0) ^ for any variation of S. We say 
that E is f -stable if A'UO) ^ for any volume-preserving variation. Obviously a strongly 
/-stable hypersurface is /-stable. For a strongly /-stationary hypersurface the notion of 
strong /-stability is analogue to the classical stability for minimal hypersurfaces with free 
boundary in a domain of M"+^. 

By the arguments in O Lem. 2.4], any function u S C^(E — {0}) with J^uduf = 
is the normal component of a volume-preserving variation of E supported away from 0. 
Thus, we can deduce the following result from (14. 4p and (j4.6p . 



Lemma 4.5. Let E be an f -stationary hypersurface with index form Qf defined in (|4.7p . 

(i) // E is strongly f -stable then Qf{u,u) ^ for any u £ C(^(T. — {0}). 
(ii) // E is f -stable then Qf{u,u) ^ for any u G C^(E — {0}) with J„ udof — 0. 

Moreover, if ^ Y, then the reverse statements also hold. 

Remark 4.6. Note that, if the cone M is convex and the /-Ricci tensor defined in (|1.2p 
satisfies Ric/ ^ 0, then two terms in the expression of Qf{u,u) in (|4.7p are nonpositive 
and so, the stability condition in the previous lemma becomes more restrictive. Hence, 
convexity of the cone and nonnegativity of Ric/ are natural hypotheses to prove classifi- 
cation results for /-stable hypesurfaces. 

Example 4.7 (Spheres centered at 0). Let E be the intersection with the cone M of 
a round sphere of radius r centered at 0. We consider the unit normal N{p) = —p/r. 
Note that jap = n/r'^ in E and II{N,N) = along 9E since the inner unit normal to 
dM — {0} is constant along any open segment leaving from 0. On the other hand, by 
(II. 2|) and Lemma 13.51 (iii) , we get Ric/ {N, N) = k/r'^ . All this together gives 

Qf{u,u) =If{u,u) = / {|Veu|^ :T—v?]daf. 

It follows from Lemma 14.51 that E is strongly /-stable if and only if fc ^ — n. In the 
particular case of the homogeneous radial density f{p) = \p\^ in M"+^, we deduce from 
P51 Thm. 3.10] that E is /-stable if and only if /c ^ 0. If fc > 0, M is convex, and the 
/c-dimensional Bakry-Emery- Ricci tensor in (jl.3p satisfies RiCf ^ 0, then any spherical 
cap E is an /-isoperimetric solution, i.e., minimizes the weighted area among all hyper- 
surfaces in the cone separating a fixed weighted volume, as it is proved in [8] and [T^ . In 
particular, E is /-stable, see also [HI Re. 1.5]. 

5. Classification of compact /-stable hypersurfaces 

In this section we provide sufficient conditions on a solid cone with a homogeneous 
density / to ensure that the unique compact /-stable hypersurfaces are intersections with 
the cone of round spheres centered at the vertex. In order to get some information from 
the stability condition we must use the inequality in Lemma 14.51 (ii) with a suitable test 
function. This will be done by following the arguments employed in 2. to show that the 
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round spheres are the unique compact, orientable, stable hypersurfaces immersed in M"+^ 
with the constant density / = 1. 

We first prove an integral formula, which gives us the test function that will be inserted 
in the index form (I4.7p to establish our main result. 

Proposition 5.1 (Minkowski formula). Let M C M"+^ he a solid cone endowed with a 
k-homogeneous density f = e'^ . Consider a smooth, compact, orientable hypersurface E 
immersed in M* with 3S C dM and such that E meets dM orthogonally in the points of 
9E. Let N be a unit normal along the hypersurface, Hf the f-mean curvature defined in 
(|2.5p . and X{p) :— p the position vector field in R"+^. Then we have 



(5.1) / (n + k + Hf {X, N)) dof = 0. 

//, in addition, k ^ — (n + 1) and Hf is constant along E, then 

(5.2) {n + k)Af{j:) = {n + k+l)HfVf{J:), 

where A/(E) is the weighted area and V/(E) in the oriented weighted volume. 



Proof. We apply the divergence theorem in Lemma |2 .21 together with equality divs j- X = 
n + fc in ProDOsition l3.11l (ii). We get 

( {n + k)daf :=::- J Hf {X , N) dOf ~ f {X, u) dlf, 

where v is the inner unit normal along 9E in E. The orthogonality condition between 
E and dM implies that v coincides with the inner unit normal to dM along 9E. Hence, 
formula (|5.ip follows from the previous equality by using that X is tangent to dAI ~~ {0}. 
Equality (|5.2p is a consequence of (|5.ip and the definition of F/ (E) in (|4.ip . D 

Remark 5.2. Another proof of (|5.1I) follows by applying the divergence theorem in 
Lemma [2.21 to the vector field X'^ :— X — {X,N)N with X{p) = p, and taking into 
account that divsjX^ ^n + k + Hf {X, N). 

Remarks 5.3. 1. Suppose that E is embedded, /-stationary, and separates a bounded 
open set H. with O C M*. In this case, the weighted volume Vf{fl) is well defined even in 
the case k = —{n+ 1). By taking the inner unit normal N along E, formula (|5.2p reads 

{n + k)Af{j:) = {n + k+l)HfVf{n). 

Thus, a compact hypersurface in the previous conditions cannot exist ii k — — (n + 1). 

2. As a consequence of (|5.2p it follows that Hf ^ provided k ^ —n. 

3. In Example 14.31 we showed that, if fc = —n, then the intersection E of M with any 
round sphere centered at is strongly /-stationary. In fact, equation (|5.2p implies that 
any /-stationary hypersurface E immersed in M* satisfies Hf = when k = —n and so, 
E is strongly /-stationary by Lemma [4.21 This property does not hold if G E, as it is 
illustrated in Example 14.41 

4. For the constant density / = 1 in R"-+^ we deduce the known Minkowski identity 
A(E) ~ {n+ l)HV{fl) relating Euclidean area, volume and mean curvature j21]. 

For the case of the constant density / = 1 in R"+^ formula (|5.1I) says that the function 
u ^ 1 + H {X, N) has mean zero with respect to the Euclidean element of area. This is 
the test function used in [2] and later interpreted in [48] as the normal component of the 
variation of E obtained by equidistant hypersurfaces dilated to keep the enclosed volume 
constant. In the next result we show that the function u — n + k + Hf {X, N) in (|5.ip 
admits the same interpretation. 
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Lemma 5.4. Let M C M"+-'^ be a solid cone endowed with a homogeneous density f = e^ 
of degree k ^ — (n + 1) and k ^ —n. Consider a smooth, compact, orientable and f- 
stationary hypersurface S immersed in M* with dT, C dM . Let N be a unit normal along 
S and define the variation ipt{p) := p + t(n + k)N(p). For any t small enough, let s{t) 
be the positive number such that Vf{s{t) (pi(E)) = V/(I]). Then, the normal component of 
the variation 

(t>tip) := sit) iptip) = sit) ip + tin + k) Nip)) 
equals ji+k+Hf {X, N), where Hf is the f-mean curvature defined in (j2.5p . and Xip) := p 
is the position vector field in R"^"'^. 

Remark 5.5. Note that, up to the constant factor n + k, the variation 1^94 provides the 
classical deformation of S by parallel hypersurfaces. 

Proof of Lemma \5.4\ From Lemma 14.21 we know that Hf is constant and E meets dM 
orthogonally in the points of SE. Let Vf{t) :— V/(Ei), where S* :— iy9t(S). The velocity 
vector field of the variation 1^94 equals in + k) N along E. By using (J4.3I) and (|5.2p we get 

V}iO)^-in + k)Af{j:) = -{n + k + l)HfVfiJ:). 

Thus VUO) ^ and we can find e > such that Vfit) has the same sign as V/(0) — V/(S) 
for any t e (—£,£). On the other hand, equation (|4.2I) implies that 

from which s(t) = (V>(E)/V/(i))i/("+'=+i). Hence the function s : (-e,e) -^ R is smooth 
and positive with s(0) = 1. By differentiating at i = in the previous equality, and taking 
into account the computation of V^i(O) above, we have 

0^{n + k + l)VfiJ:)is'iO)-Hf), 

so that s'(0) — Hf. Therefore the velocity vector associated to (ptip) = s{t) (pt{p) equals 

^ Mp)^HfXip) + in + k)Nip), 
"•'' t=o 
and the claim follows. D 



As pointed out in Remark 14.61 in order to obtain classification results for /-stable hy- 
persurfaces it is natural to assume convexity of the cone and a non-negative lower bound 
on the /-Ricci tensor defined in (jl.21) : in this way some terms in the index form (|4.7p 
are nonpositive and the stability inequality in Lemma 14.51 (ii) becomes more restrictive. 
In fact, we are now ready to prove the following result for /-stable hypersurfaces in the 
punctured cone M* . 

Theorem 5.6. Let M C R"+^ be a convex solid cone endowed with a homogeneous den- 
sity f = e^ of degree k ^ — (n + 1). Suppose that k < —n or k > 0, and that the 
k-dimensional Bakry- Emery- Ricci tensor in (|1.3p satisfies Ricj ^ 0. Let Yi be a smooth, 
compact, orientable hypersurface immersed in M* with dT, C dM . If E is f -stable, then 
E is the intersection with M of a round sphere centered at the vertex. 

Remark 5.7. The hypothesis k ^ — (n + 1) is quite natural. Lrdeed, it follows from 
(14. ip and Remark 15.31 that, for fc = — (n + 1), there are neither immersed nor embedded 
compact /-stationary hypersurfaces contained in the punctured cone M* . 



Proof of Theorem ] 5. 6[ Let iV be a unit normal vector along E. From Lemma 14.21 we 
know that the /-mean curvature Hf of S is constant and E meets orthogonally dM in 
the points of dT,. Let Xip) := p he the position vector field in R"+^ and g := {X,N) 
the support function of E. By (|5.ip . the function u := n + k + Hfg has mean zero with 
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respect to the weighted element of area. As S is /-stable, we deduce from Lemma |4?5](ii) 
that the /-index form introduced in (14.71) satisfies the inequality Qf{u,u) ^ 0, that is 

(5.3) 0^- I uCfuduf- I ul-^ + n{N,N)u\dlf, 

where Cf is the /-Jacobi operator in (j4.8p . i^ is the inner unit normal along dT. in E, and 
II is the second fundamental form of dM — {0} with respect to the inner unit normal. 

Now, we compute the two integrals in (15.31) . By using the linearity of Cf we get 

(5.4) / uCfudaf ~ (n + k) / uCf{l) daf + Hf / uCjgdaf. 

JT, JT. JT, 

Consider the one-parameter group <^t(p) := e*p of dilations associated to X, and the 
induced variation St := <j)t{^) of S. By equation (|4.9p and Proposition 13.111 (v), we 
obtain 



(5.5) 



(^/5)(P) 



dt 



(hmMp)) 



d 
It 



e-'Hf{p) = -H 



/• 



Equalities (|5.5I) and (|5.ip imply that the second integral at the right side of (|5.4p vanishes. 
Hence, we have 

(5.6) 



/ uCfudaf = {n + kY / Cf{l) daf + {n + k) Hf / g Cf{l) daf 
JE Js Js 



dg 



{n + ky / Cf{l)daf + {n + k)Hf / Cfgdaf + {n + k)Hf I ^dlf 



^^^'^'JA^f^'^ n + k 



daf -{n + k)Hf / II( A^, N)gdlf. 
as 



To get the second equality we have taken into account (|4.10p . For the third one, we have 
used (|5.5p together with the identity dg/du = —ll{N,N)g, which was proved in [331 
Lem. 4.8]. Again from this identity, we deduce 

— + ll{N, N)u={n + k) U{N, N), 
ov 

so that the boundary integral in (j5.3p equals 

(5.7) {n + kf i II{N,N)dlf + {n + k)Hf U{N,N)gdlf. 



Id's JdT. 

By substituting (j5.6p and (j5.7p into (|5.3p . we conclude that 



Os: -{n + kf 



-{n + ky 






daf + / II(A^, A^) dlf 



RiCf{N,N) + \a\- 



'9S 
ij2 



J^]daf + JjliN,N)dlf 



where Ric/ is the /-Ricci tensor in (|1.2p and |crp is the squared sum of the principal cur- 
vatures of S. The proof finishes by using the convexity of M and Lemma 15.81 below. D 



Lemma 5.8. Let M C M"+-'^ be a solid cone endowed with a k-homogeneous density 
f = e^ with k < —n or k > 0, and such that KiCt ^0. If Y, is a smooth, orientable 
hypersurface immersed in M* , then we have 



(5.8) 



mcf(N,N) 



n + k 



>0. 
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Moreover, if S is compact with dT, C dM and f -stationary, then equality holds in S ij 
and only if S is the intersection with M of a round sphere centered at the vertex. 

Proof. Let H be the Euclidean mean curvature of E. Recall that |cr|^ ^ nH^ with equal- 
ity in E for n ^ 2 if and only if E is totally umbilical [21 Lem. 3.2]. On the other hand, 
the hypothesis Ric^ ^ is equivalent by (jl.3p to Ric/ > (l/fc)(dV ® dil^)- By using the 
definition of /-mean curvature in (j2.5p and simplifying, we obtain 



Ric,(^, A^) + kP - A ^ ^^^+nH^ - "^^^ + ^^-^-'^^^7^-^^^-^-'^^ 
n -|- fc fc n -\- k 



k{n + k) 



The fact that equality holds in (|5.8I) if S is contained inside a round sphere centered at 
the vertex follows from the computations in Examples 14.31 and 14.71 Conversely, let us 
suppose that we have equality in (J5.8I) for a compact /-stationary hypersurface E with 
9E C dM. Then we get these identities along E 

\cT\^=nH^, RiCfiN,N)^ (V^,A^) ^ ly^^N) ^ -kH. 

rZ 

Note that Hf ^ (n + k)H 7^ by (^3]) and ([STTjl . From the equality |cr|2 == rii/^ ^e 
conclude that there exists r > such that any connected component of E is contained in 
a round sphere of radius r. To finish the proof it suffices to show that the center of any 
of these spheres is the vertex of the cone. 

Let 5 be a connected component of E centered at po- We consider the unit normal 
along 5 given by N{p) — (po ~p)/f'. By equality (VV', N) — —kH = —k/r and Lemma [331 
(ii), we get ((V-!/')(p),Po) = for any p G S. Let go S "S" be a point at maximum dis- 
tance from the vertex. If qo G dS then the orthogonality condition along dS implies 
that go is proportional to N{qo), so that pn G dM or po G —{dM). Cutting with a 
plane passing through and containing {i'{qo),N{qo)} we see that po G dM. In the case 
qo G S — dS a similar argument gives po G int(M). Suppose po ^ 0. Then, we would find 
t > such that qo = tpQ. By using equalities (i) and (ii) in Lemma 13.51 we would get 
((V'0)((Zo),Po) = t"^ ((VV')(po),Po} = k/t 7^ 0, a contradiction. D 

Remark 5.9 (Planar cones). We must note that Theorem 15.61 holds in the planar case 
even if wc do not assume convexity of the cone M. In this case the proof is simpler since 
II(A^, A^) identically vanishes along 9E. 

Now we will extend Theorem 15. 61 to /-stable hypersurfaces that may contain the vertex 
of a cone with a homogeneous density of positive degree. Note that this is a non-trivial 
task, since the vertex is a singular point for both, the cone and the density. However, for 
positive degree we know from (13. 3p that the density is bounded near the vertex. This fact 
will allow us to perform an approximation argument similar to the one in |42l Sect. 4]. 
The key ingredient is the existence of a sequence of functions as in the following lemma. 

Lemma 5.10. Let T, be a smooth, compact, orientable hypersurface embedded in a solid 
cone M C R"+-'^ with a homogeneous density f = e"^ of degree fc ^ 0. We suppose n ^ 2 
or n + k > 2. Then, there is a sequence {^e}e>o of functions in C|^(E — {0}) satisfying: 

(i) ^ ipe ^ 1, for any £ > 0, 
(n) lime^o Ve{p) ^l,foranypeE- {0}, 
(iii) lim^^o J^l'^^vd'^ daf = 0. 
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Proof. For n ^ 2 the construction of a sequence {(pe}e>o satisfying (i), (ii), and whose 
Euclidean energy tends to zero follows from [44l Lem. 2.4] and [38l Lem. 3.1] if we consider 
as an isolated singularity of S. The hypothesis k ^ implies by p.2p and p.3p that / 
is bounded near the origin, so that such a sequence also satisfies (iii). 

Let us prove the case n + k > 2. We denote by Br the open ball of radius r > 
centered at 0. Take a smooth function ip : R"+^ ^ [0, 1] such that ip — m i?i/2 and 
(p = 1 in M"+^ — Bi. We define (fidp) '■= <pip/£)- This is a sequence of smooth functions 
with ip^ = in i?e/2, (pe = 1 in IR"+^ — B^ and |Viy9e|^ ^ c/e^ for some constant c > 0. 
Clearly this sequence satisfies properties (i) and (ii). On the other hand, it is well-known 
that the function m{e) := A(T,r\B^)/A{dB^) tends to 1 when e — )► 0. Here A{-) stands for 
the Euclidean area. By taking into account p.2p and that A; ^ 0, we can find constants 
c' , c" > such that 

A/(E n B,) sC c' e''A{T. n B,) = c" £"+'= m(e). 

Therefore, we deduce that 

/ iVsV'el'da/ «; / \Vip,\^daf ^ ^ Af{j:n B,) ^ c'" e''+''-^ m{e), 

which tends to zero when e ^- since n + k > 2. D 

We are now ready to prove the following result. 

Theorem 5.11. Let M C M"+^ he a convex solid cone endowed with a k-homogeneous 
density f — e"^ such that k > 0, n + k > 2, and Ric* ^ 0. Let Yi be a smooth, compact, 
orientable hypersurface embedded in M with d'S C dM. If Y, is f -stable, then S is the 
intersection with M of a round sphere centered at the vertex. 

Proof. We will show that the proof of Theorem 15.61 can be formally carried out even in 
the case G E. We will explain briefly the steps of the argument and omit the details. 
We will follow the same notation as in the proof of Theorem 15.61 

Step L We take a sequence {(pe}e>o as in Lemma [5.101 Following [?31 Lem. 4.4] we 
can prove that the divergence theorem in Lemma 12.21 holds for any smooth vector field 
X on S - {0} satisfying \X\^,div^jX e L^{Y,daf) and {X,v) G L^{dY,dlf). Here 
we denote by L^(E,(ia/) and L^{dY,,dlf) the spaces of integrable functions with respect 
to the weighted measures daf and dlf. As a consequence, we can extend Corollarv 12.31 
and formula (|4.10p to any pair of bounded functions ui,U2 G C°°(E — {0}) such that 
iVsMjp, AsjWj G L^{Y,daf) and du^/dv G L^{dJ:,dlf), for i = 1,2. 

Step 2. We reason as in [421 Lem. 4.5] to prove that the stability inequality Qf{u, u) ^ 
in Lemma |4?5] (ii) is valid for any bounded function u G C°°(S — {0}) with j^udof ~ 
provided |Vsup, A^jw G L^{Y,daf) and du/dv G L^(dT,,dlf). We first use approxima- 
tion to see that If{u, u) ^ 0. Here the convexity of the cone A/ and the nonnegativity of 
Ric/ are essential in order to apply Fatou's lemma. Second, we use the generalization of 
CoroUarv 12.31 obtained in Step 1 to deduce Qf{u, u) — If{u, u) > 0. 

Step 3. We can use the stability inequality of Step 2 as in j42, Lem. 4.7] to get two inte- 
grability properties, namely Ric/(iV,iV) + |o-p G L^{Y,daf) and II(iV,iV) G L^{dT,,dlf). 
These are non-trivial facts since the density / and the cone M have a singularity at 0. 

Step 4- We define u :— n + k + Hfg, where g = {X, N) and X{p) — p. We can apply to 
the vector field X the divergence theorem obtained in Step 1 since E is compact and / is 
bounded near the origin. By using that S is /-stationary we deduce, as in ProDOsition l5.11 
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that /j. u daf — 0. Moreover, by equality (15.51) we have 

Asju - Hf As,/<7 = -Hj - Hf {RiCf{N, N) + |ap) g. 

By using Step 3, it foUows that u satisfies ah the integrability conditions stated in Step 
2 to ensure that Qf{u, u) ^ 0. 

From this point we can reproduce the proof of Theorem 15.61 to get the claim. D 

We finish this section by showing that our stability results in Theorems 15.61 and 15.111 
can be applied in some relevant examples. 

Example 5.12. Let ^ : R"+^ ^- R be a linear function and M a convex solid cone con- 
tained in the open half-space of M""*"^ where ^ > 0. For any A: 7^ we saw in Example l3.10l 
that the density / := ^'^ is fc- homogeneous and Ricy vanishes identically. Thus we can 
apply our results provided k < —n and A; ^ — (n + 1), or fc > 0. 

Example 5.13. The following monomial densities were first studied for half-planes in [5T] 
and more generally in [6j. Let a^, i = 1, . . . , n-|- 1, be non-negative real numbers such that 
a^ > for some i. Consider C :— {{xi, . . . , x„+i) G ]R"+^ ; Xj ^ for all i such that ai > 
0}, which is a convex cone. The function f : C ^i- R given by f{xi, . . . ,Xn+i) '■= 
x"^ ■ ■ ■ x""^^^ is a homogeneous density of degree k — ai + . . . + a„+i vanishing along 
dC. This density satisfies Ric^ ^ by Lemma [3.91 since fc > and /^Z*^ is concave. The 
main result in [6] implies that any spherical cap of C centered at the vertex minimize 
weighted area among hypersurfaces separating the same weighted volume. Our stability 
results classify /-stable hypersurfaces inside any convex solid cone M with M* C int(C). 
More interesting examples of positively homogeneous densities where the isoperimetric 
problem has been solved and our result is applied are described in [5J Sect. 2]. 

Example 5.14. Consider the fc-homogeneous radial density f{p) = \p\'' in a convex solid 
cone M C M"+i. If fc < then Ric^ ^ by Corollary O since the restriction of / to 
M n S" is constant. Hence Theorem 15.61 applies provided fc < —n and fc 7^ ~{n + 1). In 
particular, in R"+^ with density \p\'^, fc < — n, fc 7^ —{n+ 1), the unique compact /-stable 
hypersurfaces which do not contain are round spheres centered at 0. In fact, it was 
proved in [151 Prop. 7.5] that, if fc < — (n + 1), then these spheres uniquely minimize the 
weighted area for fixed weighted volume. In the case — (n -I- 1) < fc < such spheres are 
/-stable by 55J Thm. 3.10] but not /-isoperimetric, see [TSl Prop. 7.3]. The isoperimet- 
ric property of round spheres centered at for arbitrary radial densities in R"+^ is an 
interesting question, which leads to the log-convex density conjecture, see j5Hj . 

Example 5.15. Let M = OxI? be any convex solid cone in M""*"^. Let us see that, 
besides the radial case f{p) = \p\'', there are several homogeneous non-radial densities 
of degree fc < where Ric* ^ 0. Take any smooth function /i : P ^- R such that 
c^ := max{(V|„^)p(ti,ti); p G T>, v G TpS", \v\ = 1} is positive. Fix a number fc < 
and consider the fc-homogeneous density in M defined by /^(p) '■— e^'^^/'^l^jp]''. Then, for 
any a e (0, — fc/c^], it is clear that fc + Cafi ^ and so, the density /a^ has non-negative 
Bakry-Emery-Ricci tensor by Corollarv l3.7l Hence Theorem 1 5 . 61 applies provided fc < —n 
and fc 7^ — (n -I- 1). 

Remark 5.16. As pointed out in Example l4.71 the conditions of Theorem l5.6l implv that 
any round sphere centered at the vertex and intersected with the cone is /-stable. In- 
deed, for fc > these spherical caps minimize the weighted area relative to the interior of 
the cone among hypersurfaces separating the same weighted volume. This isoperimetric 
property has been proved by Cabre, Ros-Oton and Serra in [7] and [5] for an arbitrary 
convex cone M endowed with a continuous, homogeneous, non-negative density function 
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/ of degree k > 0, such that / is positive and locahy Lipschitz in the points of int(M) and 
/^/'"' is concave in int(M). In [TU] we obtain uniqueness of the isoperimetric regions for 
smooth cones with fc- homogeneous smooth densities satisfying A: > and Ric* ^ 0. From 
Lemma [3.91 we deduce that the hypothesis Ric^ ^ is equivalent, for C^ homogeneous 
densities of positive degree, to the concavity of f^^^ assumed in [7] and [5]. 



Remark 5.17. Theorem 15.61 need not hold if the hypothesis Ricy > fails. Consider 
the density /(p) — {pl'^ with fc > in M"+^. From the computations in Lemma [3.61 it 
is easy to check that Kic f{u,u) < for any u ^ tangent to §". It is known by [43l 
Thm. 3.10] that round spheres about the origin are /-unstable. It was proved in [HI 
Thm. 3.16] that round circles containing the origin uniquely minimize weighted length 
for fixed weighted area in the plane with density /. In higher dimension it is an open 
question if any /-isoperimetric or compact /-stable hypersurface is a sphere through the 
origin (such spheres have constant /-mean curvature by Example l4.4p . In 15, Thm. 4.17] 
we find examples of planar convex cones where compact /-stable curves are not contained 
into circles centered at 0. 

6. Classification of compact strongly /-stable hypersurfaces 

In this last section we obtain some results for compact strongly /-stable hypersurfaces 
inside a solid cone M with a homogeneous density / of degree fc. 

We first analyze the case fc > 0. Observe that, when the cone M is convex and the fc- 
dimensional Bakry-Emery-Ricci tensor satisfies RicyJ ^ 0, then we can apply Theorem l5.6l 
to deduce that a smooth, compact, orientable, strongly /-stable hypersurface E immersed 
in M* with dT, C dM must be the intersection with M of a round sphere centered at 
the vertex. However, these spherical caps are not strongly /-stable, as it is shown in 
Example 14.71 In the next result we prove that the same happens if the /-Ricci tensor is 
nonnegative. 

Proposition 6.1. Let M C M"+^ he a convex solid cone endowed with a homogeneous 
density f whose f -Ricci tensor satisfies Ric/ ^ 0. Then, there are no smooth, compact, 
orientable, strongly f -stable hypersurfaces immersed in M* with boundary inside dM . 

Proof. We reason by contradiction. Suppose there was a hypersurface S in the conditions 
of the statement. By inserting u = 1 in the index form (j4.7p and using Lemma [4.51 (i), 
we would deduce 

«; Q/(m, u) = - I (Ric/(A^, N) + |crp) dof - f U{N, N) dlj. 

JT, JOT, 

Hence the convexity of M and the nonnegativity of Ric/ would give us |crp =0 along S. 
In particular, any connected component of E would be contained inside a hyperplane. Let 
E' be a component of E. We take a point po G E' at maximum distance from the vertex 
of the cone. The point po can be at the interior or at the boundary of E'. Anyway, the 
fact that E' meets dM orthogonally in the points of 9E' would imply that po is a normal 
vector to E'. As a consequence, E' would be contained inside the tangent hyperplane P 
at Po to the round sphere S of radius \po\ centered at 0. This contradicts the definition 
of Po, since P is a support hyperplane for the closed ball bounded by S. D 

Note that the hypothesis Ric/ ^ implies that the density has degree fc ^ by the 
second equality in Lemma 13.61 In particular, we can reproduce the approximation argu- 
ment in the proof of Theorem 15.111 to obtain the next result, which is valid for strongly 
/-stable hypersurfaces containing the vertex of the cone. 
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Proposition 6.2. Let M C ]R."+^ he a convex solid cone endowed with a k-homogeneous 
density f such that n ^ 2 or n + k > 2. If Hie f ^ then there are no smooth, compact, 
orientable, strongly f -stable hypersurfaces embedded in M with dT, C DM . 

Now we focus on homogeneous densities with, degree fc < 0. The next corollary fol- 
lows from Theorem 15.61 and Example 14.71 by taking into account that a strongly /-stable 
hypersurface is also /-stable. 

Corollary 6.3. Let M C R"+^ he a convex solid cone endowed with a homogeneous den- 
sity f = e"^ of degree k ^ — (n + 1). Suppose also that k < —n and Ricr ^ 0. Let S he 
a smooth, compact, orientable hypersurface immersed in M* with dY, C dM . Then, S is 
strongly f -stable if and only if E is the intersection with M of a round sphere centered at 
the vertex. 

It was pointed in Remark 15.31 that any compact /-stationary hypersurface S immersed 
in a punctured solid cone M* with a homogeneous density / of degree k — —n satisfies 
Hf = 0. In particular, E is strongly /-stationary by Lemma W?^ and the notion of strong 
/-stability is the density analogue to the classical stability for minimal hypersurfaces with 
free boundary in a domain of R"+^. On the other hand, we saw in Example 14.71 that the 
intersection with M of any round sphere centered at the vertex is strongly /-stable for 
k ~ —n. In the next result we generalize Corollary 16.31 bv showing uniqueness of these 
spherical caps as strongly /-stable hypersurfaces. 

Theorem 6.4. Let M C M"+^, n '^ 2, he a convex solid cone endowed with a homoge- 
neous density f = e^ of degree k = — n such that Ric7" ^ 0. Let T, he a smooth, compact, 
connected, orientable hypersurface immersed in M* with 9E C dAI . Then, E is strongly 
f -stable if and only E is the intersection with M of a round sphere centered at the vertex. 

Proof. Let A^ be a unit normal vector along E. We denote by Hf and H the /-mean 
curvature and the Euclidean mean curvature of E, respectively. As E is /-stationary, we 
deduce from Lemma l42l that Hf is constant along E, and that E meets orthogonally dM 
in the points of dT,. By (j5.2p we get Hf = and so, nH = {Vi/j,N) along E. Since E is 
strongly /-stable we can apply Lemma H3] (i) to obtain Qf{u,u) ^ for any u € C°°(E), 
where Qf is the /-index form defined in (J4.7D . In particular, by taking u = 1, we have 

s; - / (Ric/(iV, N) + |crp) dof - / II(iV, N) dlf. 

On the other hand, the hypothesis Ric7" ^ together with the inequality |crp ^ uH^ 
and the fact that nH = (VipjN), gives us 

Ric/(iV, N) -K |<7p ^ ~^^^''^^ + nH^ =. 0. 
This inequality and the convexity of the cone imply that 

lap = nH^, Ric/(7V, N) = "^'^'^'^^ , II(iV, N) = 0, 

so that E is contained inside a hyperplane or a round sphere. By reasoning as in the 
proof of Proposition 16.11 we deduce that the first case is not possible. In the second case 
we can reproduce the argument at the end of the proof of Lemma 15.81 to show that E is 
the intersection of M with a round sphere centered at the vertex. D 



Remarks 6.5. 1. The previous result does not follow from Theorem 15.61 where it was 
assumed that k < —n or fc > 0. So, for the case k = — n, we cannot deduce that any 
/-stable hypersurface is the intersection with M of a round sphere centered at 0. 
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2. In the previous theorem we have to assume that E is connected to get a single 
sphere in the thesis. In fact, in the case k = —n, the union of finitely many spherical caps 
centered at turns out to be strongly /-stable by the computations in Example 14.71 

Remark 6.6 (A note on the regularity hypotheses). Theorems 15.61 and 15.111 hold for C^ 
hypersurfaces in C^ convex cones with C^ densities. Theorem 16.41 is also valid for C^ 
hypersurfaces. 
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